We present the first unified theory, to the best of our knowledge, of the response of a plasmonic nanosphere (NS) assisted by optical gain media, in the case of a NS coated with a layer of optically active dipolar dyes. We obtain the optical coherent response of the core-shell aggregate in terms of its equivalent polarizability composed of the direct response from the NS and the contribution arising from the cooperative coupling between dyes and surface plasmons of the NS. We identify a mechanism of superradiance-like plasmonic aggregate cooperative emission similar to the conventional Dicke effect with reduced intraband relaxation bandwidth due to the loss compensation in the system. The analysis of the aggregate resonances based on the system eigenvalues provides physical insight into the total loss compensation mechanism and resonance frequency shifts.
INTRODUCTION
Superradiance is produced in a macroscopic aggregate of an inverted medium when the concentration N of active molecules is high enough [1, 2] . Decay of the excited state then occurs collectively at a time τ that is much shorter than the characteristic time T for the spontaneous decay of an isolated molecule. The internal energy of the molecules stored in the aggregate is radiated in the form of a short electromagnetic coherent pulse whose power Q exceeds by several orders of magnitude the power Q spont of noncoherent spontaneous emission by the same number of isolated molecules [3] . The presence of a plasmonic nanostructure near a macroscopic aggregate of an inverted medium stimulates energy transfer from the optically active molecules to the metal and is governed by the interplay between several processes [4] [5] [6] [7] . The energy of the excited dye can be radiated, dissipated, or absorbed by the metal. The radiation of an ensemble is a cooperative process in which the emission of a photon is accompanied by virtual photon exchange between individual emitters/gain components. The complete theoretical description of the optical response of the system can be established on the basis of the Green's function (GF) method [8, 9] . This method allows us to investigate the high coverage of a plasmonic nanostructure with either a regular or a random distribution of dyes, taking into account not only the interactions between the plasmonic nanostructure (treated in a multipolar approach) and dyes of the gain medium, but also those between dyes themselves, either directly or via the nanoparticle. There are two competing channels of the energy exchange. One is associated with the optically active bright dipolar (l 1) surface plasmon (SP) modes, and the other one, dominating, is associated with dark plasmons, which are induced by multipolar interaction (l > 1) between the dipoles of the gain medium and the metal and dissipate in the metal without converting their energy to radiation, and so the photon radiation of the plasmonic nanostructure is largely quenched by Ohmic losses. Plasmonic coupling leads to the formation of collective states, similar to Dicke superradiant states [1] , which dominate photon emission. According to the conventional Dicke effect [1, 3] , the lifetime of the bright radiative modes is sufficiently shorter than the lifetime of the dark nonradiative modes, especially when molecules are placed at large distances from the plasmonic nanostructure. However, near metal the SP induces crosstalk between those modes, which leads to efficient hybridization of the total optical response of the aggregate. In this paper we numerically demonstrate that at certain close distances from the surface of a nanostructure the dominating dark modes will nonradiatively transfer (Forster transfer [10] ) most of their energy to the bright modes rather than simply dissipating it into Ohmic losses. In that case the energy transferred to the bright modes can create nonradiative laser resonator type modes with sufficiently compensated dephasing losses of the active molecules. The resulting optical response of the aggregate may posses unique properties of coherent emission [11, 12] . Below we present an analytical model for calculating the optical response of the metal nanosphere (NS) coated with a layer of optically active dipolar dyes, similar to that presented in the experiment [11] .
MODEL
We study the optical response of an aggregate made of a single spherical NS with gold core of radius (R c 32 nm) covered with a thin silica layer (ϵ r 2.2, and thickness h) and surrounded by N fluorescent dyes located on the silica surface at positions r j , with j 1; 2; …N (we set origin r 0 at the NS center), all at the same radial distance R R c h from the NS center (see Fig. 1 ). The aggregate is illuminated by an incident plane wave with electric field E inc . We assume that the aggregate has spherical symmetry, with a uniform (regular or statistical) distribution of fluorescent molecules around the NS. Because of its symmetry, we want to represent the aggregate in terms of its total equivalent isotropic electric polarizability α a , which relates the total aggregate electric dipole p a to the incident field E inc as p a α a E inc r 0.
The induced dipole p j on an arbitrary jth dye can be found from the closed system [13] 
where α d j represents the general anisotropic electric polarizability of the jth dye, and E NS r j is the sum of the incident field E inc r j and the field scattered by the NS in the absence of the N dyes (produced by the incident field E inc 0). System (1) accounts for all dye-nanoparticle interactions (multipolar) as well as dye-dye interactions as shown in Fig. 1(b) . The dyadic GF, Gr j ; r k 1 − δ j;k G 0 r j ; r k G sc r j ; r k , accounts for both direct and cooperatively mediated interactions by the nanoparticle (see Ref. [8] ), where Gr j ; r k p k represents the electric field at r j due to an electric dipole at r k . The symbol δ j;k is the Kronecker delta, and, accordingly, the GF accounts for the free space (direct) term G 0 when j ≠ k, and the term G sc represents the NS scattered contribution. The induced dye dipoles p j can be found from the formal solution of
derived from Eq. (1), for j 1; …; N.
Once the dye polarization vectors p j , with j 1; …; N, are determined, the expression for effective dielectric polarizability of the aggregate can be derived as
where Pr is the total volumetric polarization of the aggregate of volume V and α NS is the bare metal NS polarizability (without dyes). Note that the last equality in Eq. (3), obtained by reciprocity, is based on the assumption that the NS is small enough to neglect time delays and that the NS scattering is equivalently represented by its dipolar polarizability α NS . In the following we will restrict our analysis to the case of dyes with identical radial polarizability, i.e., with α d j α dr jrj , where the hat denotes a unit vector. The dye polarizability is approximated by the Lorentzian α d μ 2 ∕ω − ω 12 iγ 12 . Here we assume a regime (steady-state) condition, where μ is the coupling strength that is responsible for the emission cross sections reported in the description of the following plots, ω 12 is the dye emitting angular frequency, and γ 12 is the intraband bandwidth related to the dye transitions (∼1.5 · 10 14 s −1 ). The emission wavelength of the dyes is selected in resonance with the SP of the metallic NS, and equal to λ em 2πc∕ω 12 526 nm, which corresponds to the typical dyes used in fluorescent spectroscopy, such as rhodamine 6G or Cy3.
Taking into account only the radial polarizability, the previous linear system for the dye polarization is reduced to a N-dimensional one and conveniently represented by using the Bra-ket notation,
HereÎ andĜ are the identity and GF operators, respectively, with dimension N × N, whereas jE NS i and jpi are N-dimensional vectors denoting the radial electric field at the N dye positions and their radial dipole moments, respectively. The operator elements G j;k r j Gr j ; r k r k are taken in the near-field approximation and represented analytically for this particular case (all dyes are oriented perpendicular to the surface of the NS, as in Ref. [8] ):
where we restrain ourselves with a molecular dipole-dipole direct interaction term and the near-field multipolar interaction of each molecule with the metal nanoparticle (second term). Here α l represents the lth multipolar polarizability of the NS with metal core and dielectric shell; P l cos γ jk denotes the Legendre polynomial of order l, where γ jk is the angle between dye locations r j and r k , whereas q jk 1 sin 2 γ jk ∕2. Though the dyes' polarizabilities are obtained by solving the linear system (4), and the aggregate polarizability is found by Eq. (3), it is very informative to analyze the role of the eigenvalues of the operator G in Eq. (4) and how they affect the aggregate physical properties. Let us define as Λ n , with n 1; …; N, the eigenvalues ofĜ, and as jq n i its eigenvectors; i.e., one hasĜjq n i Λ n jq n i. This also implies that Î − α dĜ jq n i 1 − α d Λ n jq n i. Accordingly, the general solution jpi of Eq. (4) is expressed as 
where c n are proper weights found by
Eigenvalues Λ n Λ 0 n iΛ 00 n are complex valued, with prime and double prime denoting the real and imaginary parts.
Inserting the eigenvector expansion representation for every radial p j in Eq. (3), the total aggregate polarizability is written as
where the resonance frequency shifts Δω n μ 2 Λ 0 n and damping modifications Δγ n μ 2 Λ 00 n are a function of both the complex eigenvalues and the dyes' coupling strength μ 2 . Equation (8) should be understood as a sum over the set of collective, hybrid NS-dye modes arising within the aggregate.
One may be interested in the strongest resonances of the aggregate, in the loss mitigation or even active condition, which dominate in the scattering process. It is straightforward to notice that the strongest resonances happen for the eigenvalues that most nearly satisfy the condition 1 − α d Λ n 0 at some (angular) frequency ω. This latter condition, adopting the Lorentzian form for the dye polarizability, is rewritten as γ 12 Δγ n and ω ω 12 Δω n . Therefore, the strongest resonance occurs at the dye emission frequency ω 12 shifted by the value Δω n .
In our simulations, we consider several configurations of N 500, 800, 900, and 1000 dyes with emission cross section equal to 0.01 nm 2 and distributed randomly in a uniform fashion around the NS, assuming that the dye dipoles have a perpendicular orientation to the NS surface.
The aggregate is embedded in a medium with relative dielectric constant ϵ 1.44. The Drude model for the gold dielectric function [14, 15] is modified with additional damping due to surface effects due to the nanoparticle's small size: γ sp V f ∕R c , where V f is the Fermi velocity [16, 17] . The nonradiative energy transfer between SP modes and the system of dyes is determined considering l 10 multipoles in Eq. (5). In Fig. 2 we show the spectral behavior of the total aggregate polarizability, α a : the amount of gain produced by the dyes, needed to compensate for NS losses, can be effectively increased by increasing the number of dyes N covering the NS. One can observe rather unusual spectral shapes for both the real and imaginary parts of the aggregate polarizability, e.g., the change of sign in the real part between Figs. 2(b) and 2(c). It is highly interesting that these same qualitative features have been found using a much simpler model for loss compensation in gold NSs, and ascribed to Fano-like resonances occurring in the system (see Fig. 3 of [18] ).
Once the NS and dyes in the aggregate are chosen, one can show that the real part of each eigenvalue Λ 0 n is basically constant with frequency ω, whereas the imaginary part Λ 00 n can be rapidly varying. The plot of the complex normalized eigenvalues λ res n ; Λ 00 n in Fig. 3 provides information about those close to the total loss compensation condition. Here λ res n is defined from the resonance condition mentioned above as λ res n λ em ∕1 ΔΩ n , where λ em is the dye emission wavelength and ΔΩ n μ 2 Λ 0 n ∕ω 12 . Interestingly, in Fig. 3(a) there are three eigenvalues (red oval) with small real part Λ 0 n , i.e., for λ res n ≈ λ em nm, that are isolated from all the others. One should also notice that these three eigenvalues are even more isolated when the silica shell thickness increases from 1 to 6 nm, and hence when nonradiative dye coupling to the NS is decreased. These three eigenvalues most nearly satisfy the resonance condition ω ω 12 Δω n and γ 12 Δγ n .
This condition means that our interaction matrix can be reduced to the total decay matrix of the ensemble of dyes Δγ res n μ 2 Λ 00res n presented in Ref. [8] . In turn, the total decay matrix can be decomposed in terms of the radiative and nonradiative decay matrices, Γ jk Γ r jk Γ nr jk . This is in agreement with [8] , where it was proven that because of the spherical symmetry of the problem, Γ r jk Γ rr j ·r k (r is a unit vector), the radiative decay matrix Γ r jk has only three nonzero superradiant eigenvalues (similar to the Dicke effect [8, 9] ).
Those three optically active bright dipolar (l 1) eigenmodes assume high values because the silica shell layer, separating the dyes from the metal core, is thick enough to suppress nonradiative subradiant losses, represented by the matrix Γ nr jk and associated with high orders (l ≫ 1) of multipolar interactions, and commonly called dark plasmons [8] . Dark plasmons are generally related to Ohmic losses and Forster nonradiative energy transfer [10] . Then, the NS plasmonic excitation by an external pulse will be mostly transmitted into a few superradiant bright modes. When the shell thickness increases, radiative modes (three bright modes) start to sufficiently dominate over the other nonraditive (N − 3) modes. As it follows from Eq. (8), modes with the highest resonance Λ 00 n are most easily loss-compensated. In other words, only resonance superradiant modes dominate in the aggregate resonance spectrum. In addition, the bright nature of these modes explains why the aggregate emits dipolar light in the far field (nanolasing [19] [20] [21] [22] [23] ). Therefore, once it is clear that the aggregate resonance conditions including selection rules dictated by the incident polarization are dominated by only a few spectral states located approximately on the same resonance frequency ω 0 , it is possible to get an expression for the timeaverage power scattered by the aggregate as a single dipole
where Δγ res n μ 2 Λ 00res n and S inc is the incident power density. In summary, Eq. (9) represents emission of the "giant" superradiant dipole because it is dominated by only a few resonance modes of the system, with reduced nonradiative losses. By changing the amount gain in the system (number of dyes and their emission strength) and hence the level of plasmonic loss compensation, we can manipulate with intraband bandwidth the total aggregate spectra, γ n γ 12 − Δγ res n , associated with the dominant radiating modes. Interestingly, compensation of molecular dephasing losses by SPs can sufficiently reduce the aggregate's intraband bandwidth [see singular behavior on Fig. 2(c) or Fig. 3(b) ], leading to the approximately single wavelength of the superradiant modes [see Fig. 3(a) ]. One may also notice that the value γ n can have any sign, and even be null in the particular case of total loss compensation.
"EMISSION SCENARIO" WITH EXTERNAL FIELD
It is interesting to consider the case of stimulated emission and evaluate the emitted power by all the dyes in a "probe" scenario. The local field E loc r j acting on each dipole p j is given in (1). The emitted power by all the dyes is calculated as
Dipole values are those from the system of coupled equations in Eq. (4). To explore the emission dynamics of the system we consider the local field given in Eq. (1), jE loc i jE NS i Ĝjpi, represented here in Bra-ket notation. Close to a collective resonance condition, due to strong dipole excitation, the local field is approximated as jE loc i ≈Ĝjpi ≈ P n c n Λ n jq n i, where the summation includes only the few dominant spectral terms, and the above equation is rewritten as
where
is a nondimensional spectral factor. Note that Eq. (11) provides the emitted power as a sum of just a few spectral resonant terms, and that the resonant condition ω ω 12 Δω n implies that g res n μ 4 jΛ n j 2 ∕γ 12 − Δγ res n 2 , that can reach large values. In Fig. 4 we plot the normalized and excitation selected spectral functions
varying wavelength showing that only a few terms dominate in the sum in Eq. (11), due to their vanishing denominator.
In our simulations, we consider configurations of N 200 dyes distributed randomly in a uniform fashion around the outer surface of the silica NS, with the assumption that the dye dipoles have a perpendicular orientation to the NS surface. In Figs. 4(a) and 4(b) we show that only a few spectral functions contribute to the total dyes' emission. We also show that the change of the dyes' dipole orientation in relation to the NS surface can lead to sufficient changes in the particle's emission magnitude. The formulation to account for dyes with dipole orientations tangential to the silica shell is the same as that provided in Section 2, after substitution of the proper dyes' polarizability tensor. The high sensitivity of the compensated resonance states might present opportunities in the future to consider Eq. (11) as a key expression used to elaborate different types of nanosensing devices.
There are N eigenmodes that are involved in the emission process of the particle, although as one can see from Fig. 4 , only a few (one is dominant in the figure) of them really contribute to the emission and all the remaining ones are small (at least three orders of magnitude less) and can be neglected. The dominant eigenvalues most nearly satisfy the resonance condition in Eq. (12) mentioned above. The fact that particle emission is mostly provided by a few dominant modes serves as some evidence of the coherent coupling between NS and dyes. Indeed, that is similar to the results in [8, 9] that the farfield emission contribution of the ensemble nanoparticle N molecules comes only from so-called plasmonic superradiance modes introduced in analogy with the conventional Dicke effect for dipole interacting systems in the presence of a plasmon. However, in our case of a plasmonic resonator the observed supperradiance modes are mostly due to the near-field effects of interaction between molecules and a metal nanoparticle. Similar to the authors of [8, 9] we found a very interesting property that due to the spherical symmetry of the problem only a few superradiant modes have a major influence on the aggregate's emission. The whole process is provided by molecular Coulomb interaction and plasmonassisted nonradiative energy transfer, the competition between them governing the structure of system eigenstates called superradiant and subradiant [8, 9] . While subradiant modes mostly determine losses in the system associated with high multipolar interaction modes, the superradiant modes (with l 1) are the single resonator modes that will define loss compensation and strong emission from the aggregate. In this case, it is possible to provide a heuristic estimate for the gain compensation condition γ 12 μ 2 Λ 00 . Considering the Green's function G with l 1 and keeping only nonradiative terms, we find Λ 00 ≈ α 1 00 ∕πϵ 0 R 6 . Assuming an approximate, generic form for the NS polarizability α 1 A πR 3 × ω s ∕ ω − ω s − iΓ in the GF we obtain Λ 00 ≈ A Q∕R 3 for ω around the plasmon resonance frequency ω s , where A is a numerical constant and Q ω s ∕Γ is the quality factor of the plasmon. This leads to the approximate loss compensation condition:
Note, in passing, that this expression is closely related to the spasing condition initially obtained in [21] .
CONCLUSIONS
We have presented a macroscopic approach for the calculation of the optical response of a metal plasmonic nanostructure coupled with optically active dyes. The mechanism of loss compensation and superradiance-like plasmonic emission similar to the conventional Dicke effect is based on energy transfer between optically active gain dye dipoles and the nanoplasmonic material. An appropriate theoretical description of that mechanism, based on the GF method accounting for all mutual couplings, has been established. A resonance condition has been given analytically in terms of the eigenvalues of the N-dye and nanosphere collective, hybrid modes, and a physical interpretation has been provided. It has been demonstrated that due to loss compensation and the cooperative nonradiative mechanism of the energy transfer inside of plasmonic confinement, the dephasing losses in the aggregate spectra can be sufficiently reduced. In general, each dye orientation can be random, but these two cases can be considered as limiting, as they define maximal and minimal values of emission enhancement.
